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TEETH DEFORMATION OF NON-CIRCULAR GEARS 
 

Summary. In practice, gear units whose transmission number is not constant 

during one revolution are used. Such gears include the proposed elliptical 

transmission. Its application can be (missing a word?) and the automotive industry. 

The gears set consists of a pair of identical elliptical gears. The transmission ratio 

of the designed elliptical gear is not constant. The basic kinematic characteristics 

of this transmission are described in this work. The deformation in contact point of 

non - circular gears is determined by the finite element method in this paper. 

The results are compared with the deformation of the teeth of the spur gears. 

Keywords: non-circular gears, teeth deformation, FEM, spur gear 

 

 

1. INTRODUCTION 

 

Gears are a logical continuation of the invention of the wheel. That gears are called the 

biggest invention after the wheel is not unthinkable. More so, we cannot live a normal day in 

our lives without gears: without gears no production, no energy and no transport [4].  

By the year 100 v.C., the Greeks used metal gears with cylindrical teeth in complex 

computing equipment and astronomical calendars. We know this by the discovery of the 

Antikythera Mechanism (Fig. 1), the oldest known gear machine. This ancient mechanism was 

found in 1900, in a wreck off the coast of the Greek island of Antikythera. It contains more than 

30 gears for complicated astronomical calculations of time. Was this the first computer? In later 
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centuries, the gear became one of the most important parts of modern technology, incorporated 

into almost all mechanisms, machines and vehicles. 

 

 
 

Fig. 1. Remains of the oldest gear machine (Antikythera Mechanism) [2] 

 

"Standard" gearboxes are commonly used in practice. They are characterised by a constant 

gear ratio. This means that when the drive gear rotates, the driven gear also rotates evenly, so 

the gear ratio has to be constant during one revolution. The teeth of these "standard" gears have 

the same shape on one gear and the teeth profile is symmetrical or asymmetric in rare cases. 

Special gears, including non-circular gears, are being increasingly used. The idea of non-

circular gearboxes comes from the forerunners of engineering thinking [11]. In Richard of 

Wallingford’s Horologium [23], we find the first known example of a non-circular wheel, 

which dates back to the 14th century. The tradition of using non-circular gears in clockwork 

has been followed by other clockmakers. For instance, Lorenzo Della Volpaja (1446-1512) 

made –towards the end of the 15th century, an astronomical planetary clock, for the City of 

Florence [1]. Non-circular gears from Leonardo da Vinci's sketches are also known [24].  

Non-circular gears are among gears with a variable transmission ratio. Examples of the use 

of non-circular gears in practice include, for example, mechanical presses, for optimisation of 

work cycle kinematics [14,26]; forging machines, for optimising the work cycle parameters; 

high torque hydraulic engines for bulkhead drives; textile industry machines, for improving 

machine kinematics resulting in the process optimisation and application in oval gear 

flowmeters. There is non-circular transmission usually used to provide a periodically variable 

ratio. 
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In this paper, the kinematic properties for the proposed elliptical gear set are presented. It is 

a model of a non-standard eccentric elliptical transmission with a continuously changing gear 

ratio for specific parameters. The deformation in contact point of non – circular gears is 

determined by the finite element method in this paper. The results are compared with the 

deformation of the teeth of the spur gears. 

One should not forget about the possibility of diagnosing damages with the use of 

vibroacoustic diagnostics [2,3,5,6,12,17]. 

 

 

2. INVESTIGATED ELLIPTICAL GEARS SET 
 

To sponsor the work of the private sector has been created using the CAD model of gear 

with variable transmission in the range u = 0.5 to 2.0, with the number of teeth z1 = z2 = 24 and 

gearing module mn = 3.75 mm, the axial distance a = 90 mm and for a one sense of rotation 

(Fig. 2). The transmission ratio of the designed elliptical gear is not constant. It varies 

continuously from 0.5 through 1.0 to 2.0 and back (Fig. 3). In this way, the transmission ratio 

changes during one revolution. For fast transmission, the value of the conversion number is less 

than 1.0. For slow transmission, the value of the conversion number is greater than 1.0. The 

gears set consists of a pair of identical elliptical gears. The centre of rotation is in one of the 

foci of the pitch ellipse, that is, they are eccentrically mounted gears [16]. Each of the twelve 

teeth of the gear is different, the other twelve teeth of the same wheel are the same. The lateral 

curve is involute and is different for the active and passive side of the tooth. These are gears 

with an asymmetrical tooth profile.  

 

 
 

Fig. 2. Designed elliptical gears set 

 

In pursuit of kinematic ratios on the proposed gearings, we assume from the right mesh 

conditions. Kinematic conditions were processed for the gear 1 (the centre of rotation at point 

O1) and the gear 2 (with the centre of rotation at point O2). The two gears are shown in 

a kinematic dependence one graph (on the horizontal axis of the wheel teeth first). The angular 
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velocity on the drive wheel gear and the driven wheel gear is constant for standard spur gears. 

For designed elliptical gearing with variable transmission ratio, the angular velocity of 

the driven wheel is not constant but is changed according to the continuous changing of the 

gear ratio. This is shown in Fig. 4, the angular velocity is constant for the drive elliptical wheel 

(ω1 = 100 s-1) and the driven elliptical wheel is not constant (ω2i). 

 

  

Fig. 3. Changing the transmission ratio Fig. 4. The angular velocity 

 

Real of load gear teeth with variable gear ratio is not constant. By way of illustration is given 

unit input torque (driven) spur gear Mk1 = 100Nm.  Fig. 5 shows the course of torque Mk1 on 

the input gear and torque Mk2 on the output (driven) gear (Mk2i = Mk1.ui), where u is transmission 

ratio. In Fig. 6 are the value of changing tangential tooth load the driver and driven gear F01 = 

F02 (F01=Mk1/r1i), where r1i is the radius of mesh points for the driver gear wheel and the radial 

force Fr1 = Fr2 (Fr1 = F01.tgα) and the resultant force acting on the side of the tooth FN1 = FN2 

(FN1 = F01 / cosα), where α is a pressure angle is 20°. 

 

  

Fig. 5. The course of torque Fig. 6. The course of force 

 

 

3. TEETH DEFORMATION OF DESIGNED NON-CIRCULAR GEAR SET 

 

Knowledge of the deformation properties of gearing is very important. Consider first the one 

tooth (Fig. 7a). Action of the resulting normal force F is deformed tooth. This is shown in the 

figure by a thin line. The resultant deformation in the direction of action of the normal force i 

(i = 1,2 - index that distinguishes whether it is a tooth of the pinion-drive wheel or driven wheel 

tooth) consists of a deflection bending, shear, deformation in the area of constraint and the touch 

deformation [7,15,20].  

It is necessary to determine the deformation meshing teeth, that is, deformation of teeth pair 

that you can imagine and illustrate two ways (Fig.7b,c). Figure 7b shows a pair of teeth that in 

non-loaded aspect are contact at point X on the line of contact B. The profiles meshing teeth 

are deformed after loading. The deformed teeth profiles intersect the line of contact at points X1 
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and X2. We can then determine the total deformation of the pair of teeth as the sum of 

the deformation of both teeth 1 and 2. Figure 8c shows a pair of teeth that in non-loaded aspect 

are contact at point X´ on the line of contact B. The deformed teeth profiles intersect the line 

of contact at points X1 and X2, because one of wheel gears is fixated (restrained). The total 

deformation of one pair of meshing teeth determined by equation (1).  

 1b

1

2b21b121 rrr 
  (1) 

 

 
 

a)                    b)         c)    

 

Fig. 7. a) The deformation of the tooth, b)-c) deformation of a one pair of spur gear teeth [21] 

 

Due to the complex shape of the teeth, the theoretical determination of tooth deformation is 

difficult. A lot of work is devoted to this issue. The initial assumption is usually a strongly 

idealised idea of the linear dependence of the tooth deflection on the load and the tooth is 

considered to be a beam stressed by bending [8,13]. The question of the exact determination of 

the deformation of the teeth remains unresolved at the required level; therefore, 

the experimentally determined values are usually used. 

Recently, with the ever-evolving computational technology, which performs extensive 

calculations, we increasingly come across modern numerical methods for solving a wide range 

of gear problems in the available literature. These methods include the finite element method 

[25]. This method belongs to the numerical methods of mathematics, it is widely used for 

solving problems of elasticity and strength, dynamics of flexible bodies, heat transfer and many 

other engineering problems [18]. In this paper, the deformation of the designed gearing is solved 

using the finite element method (FEM). 

When solving the requirements for the accuracy of the calculation of technical problems 

using the finite element method, the basic problem of solving the deformation analysis of the 

gearing of the examined gear lies in the choice of the solved area of the gear wheel [10,27]. It is 

not expedient to calculate the gears as a whole by the finite element method, but only as a part 

of the gear [19,22]. 

Since it is a gear set with a time-varying transmission ratio, the transmission ratio of which 

ranges from 0.5 to 1 to 2, the deformation of those teeth engaged when the transmission ratio 

0.5 is examined; 1 and 2. The assumed segments of the investigated elliptical gear are shown 

in Fig. 8, assuming that, similarly to "standard" spur gears with straight teeth, it is not expedient 

to calculate the deformation of teeth using FEM on the whole wheel model, but only parts - 

segment. 
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Fig. 8. Drive wheel segments 

 

To determine the deformation of gearing under load, it is necessary to know the 

apportionment of the load on each gearing pairs with two pairs meshing. In the beginning, let 

us consider with the simplest, ideal load apportionment when on two pairs meshing is the load 

divided by half for each couple of teeth in the meshing (Fig. 9). Points A, B, C, D, E are the 

characteristic points of the meshing for spur gears. 

 

 
 

Fig. 9. Load distribution on the line of contact 

 

To determine the computer model for the studies of deformation of the teeth using FEM, it 

was necessary to determine material constants, define the type of the finite element, and to 

select appropriate boundary conditions (geometry and power). 

The course of the deformation of the toothing in the designed elliptical eccentrically mounted 

gear set, if during the whole engagement we observe the tooth of the drive wheel, which 

together with the engaging tooth reaches the transmission number 1, is shown in Figure 10, 

(the force FN=1000[N]). In this figure, is the progress of the overall deformation of teeth solved 

by FEM for the spur gears, in the teeth, which in the meshing reaching gear ratio 1 and for 

the division of load by Fig. 9. Deformation of pairs of teeth over the meshing along the length 

of meshing line changes. Maximum value of deformation shall, in this case, be the endpoints 

lonely meshing (if we consider the image-pair) and the minimum value shall also meshing in 

two pairs of endpoints lonely meshing. The points B and D, which is the solitary meshing 

points, leads to a step change deformation teeth and it will input the next couple teeth to 

meshing. 
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Fig. 10. Course of tooth deformation for elliptical gear set 

 

To determine the resulting deformation of the teeth, it is necessary to determine 

the deformation of individual pairs. Figure 11 shows the progress of the overall deformation of 

teeth solved by FEM for the spur gears with number of teeth z1,2=24, the module of teeth 

m=3,75[mm], the force FN=1000[N] and width of gearing b1,2=10[mm], which in the meshing 

reaching gear ratio 1 and for the ideal division of load. Deformation of pairs of teeth over 

the meshing along the length of meshing line changes. Maximum value of deformation shall, 

in this case, be the endpoints lonely meshing (if we consider the image-pair) and the minimum 

value shall meshing in two pairs of endpoints lonely meshing as well. The points B and D, 

which is the solitary meshing points, leads to a step change deformation teeth and it will input 

the next couple of teeth to meshing.  

 

 
 

Fig. 11. Course of tooth deformation for spur gear set 

 

The difference during the deformation in the designed gearing and the standard ring spur 

gear (Fig. 12) results from the smooth change of the gear number, thus, the change of the force 

acting on the individual teeth, the teeth being loaded with different resulting normal forces. 

Another difference results from the different length of the engagement line and the related 

engagement duration factor, which acquires smaller values for the designed elliptical gears than 

for comparable spur gears. 
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Fig. 12. Deformation comparison 

 

 

4. CONCLUSION 

 

The gearing with changing transmission gear ratio is used in the practice, even though the 

"standard" gearing with constant transmission gear ratio is usually used. In practice, we also 

encounter non-circular gears. In this paper, an elliptical gear set designed for specific 

parameters is presented. It is the gearing with variable transmission.   

The angular velocity on the drive wheel gear and the driven wheel gear is constant for 

standard spur gears. For designed elliptical gearing with variable transmission ratio, the angular 

velocity of the driven wheel is not constant but is changed according to the continuous changing 

of the gear ratio. Real of load gear teeth with variable gear ratio is not constant. 

Deformation of pairs of teeth over the meshing along the length of meshing line changes. 

Maximum value of deformation shall, in this case, be the endpoints lonely meshing (if we 

consider the image-pair) and the minimum value shall also be meshing in two pairs of endpoints 

lonely meshing.  The difference during the deformation in the designed gearing and the standard 

ring spur gear results from the smooth change of the gear number, thus, the change of the force 

acting on the individual teeth, the teeth being loaded with different resulting normal forces. 

The deformation of the designed elliptical eccentrically mounted gear differs from the stiffness 

of the standard spur gearing. 
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